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SPECTRA OF CANTOR MEASURES
XIN-RONG DAI
Abstract. A spectrum of a probability measure µ is a countable set Λ such that
{exp(−2πiλ·), λ ∈ Λ} is an orthogonal basis for L2(µ). In this paper, we consider
the problem when a countable set become the spectrum of the Cantor measure.
Starting from tree labeling of a maximal orthogonal set, we introduce a new
quantity to measure minimal level difference between a branch of the labeling
tree and its subbranches. Then we use boundedness and linear increment of that
level difference measurement to justify whether a given maximal orthogonal set
is a spectrum or not. This together with the tree labeling of a maximal orthogonal
set provides fine structures of spectra of Cantor measures. As applications of our
justification, we provide a characterization for the integrally expanding set KΛ of
a spectrumΛ to be a spectrum again, thereby we find all integers K such that KΛ4
are spectra of the 1/4-Cantor measure µ4, where Λ4 := {
∑∞
n=0 dn4n : dn ∈ {0, 1}}
is the first known spectrum for µ4. Furthermore, we construct a spectrum Λ
such that the integrally shrinking set Λ/K is a maximal orthogonal set but not a
spectrum for some integer K.
1. Introduction
A fundamental problem in harmonic analysis is whether {exp(−2πiλx), λ ∈ Λ}
is an orthogonal basis of L2(µ), the space of all square-integrable functions with
respect to a probability measure µ. The above probability measure µ is known
as a spectral measure and the countable set Λ as its spectrum. Spectral theory
for the Lebesgue measures on sets has been studied extensively since it initialed
by Fuglede 1974 [11], see [10, 16, 24] and references therein. Recently, He, Lai
and Lau [12] proved that a spectral measure is pure type (i.e. either absolutely
continuous or singular continuous or counting measure). For singular continu-
ous measures, the first spectral measure was found by Jorgenson and Pederson in
1998 [14], they proved that Λ4 := {
∑∞
n=0 dn4n : dn ∈ {0, 1}} is a spectrum of the
Bernoulli convolution µ4. Since then, some significant progresses have been made
and various new phenomena different from spectral theory for the Lebesgue mea-
sure have been discovered [1–9,13–15,23]. For instance, Fourier frames on the unit
interval [0, 1) have Beurling dimension one [17], while spectra of a singular mea-
sure could have zero Beurling dimension [2]. Here we define the Cantor measure
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µq,b with 2 ≤ q ∈ Z and q < b ∈ R,
(1.1) µq,b = 1q
q−1∑
i=0
µq,b
( f −1i (·)),
is a self-similar probability measure associated with the iterated function system,
fi(x) = x/b + i/q, i = 0, 1, . . . , q − 1.
And we call the special case µb := µ2,b the Bernoulli convolutions. In 1998, Jorgen-
son and Pederson proved in their seminal paper [14] that Bernoulli convolutions µb
with b ∈ 2Z are spectral measures. The converse problem stood for a long time
and it was solved in [1] by the author in 2012 after important contributions by Hu
and Lau [13]. The complete characterization for Bernoulli convolutions in [1] was
recently extended by He, Lau and the author [4] to the Cantor measure µq,b that it
is a spectral measure if and only if
(1.2) 2 ≤ q, b/q ∈ Z.
The Cantor measures µq,b with q and b satisfying (1.2) are few of known singular
spectral measures, but the structure of their spectra is little known, even for the
Bernoulli convolution µ4. In this paper, we explore fine structure of spectra of
these Cantor measures.
Our exploration starts from tree structure of a (maximal) orthogonal set Λ,
meaning that {exp(−2πiλx), λ ∈ Λ} is a (maximal) orthogonal set of L2(µq,b).
In 2009, Dutkay, Han and Sun gave a complete characterization of the maximal or-
thogonal sets of the Bernoulli convolution µ4 by introducing a tree labeling tool [6].
Recently, He, Lai and the author developed a tree labeling technique for Cantor
measures µq,b [2]. They proved that a countable set is a maximal orthogonal set
of the Cantor measure µq,b if and only if it can be labeled as a maximal tree, see
Theorem 2.2. Thus maximal orthogonal sets have tree structure and they can be
built selecting maximal tree appropriately. While a maximal orthogonal set is not
necessarily a spectrum since it may lack of completeness in L2(µq,b). The com-
pleteness of maximal orthogonal sets for Cantor measures µq,b is quite challenging,
see [2, 4, 6–8, 14, 23] for various sufficient and necessary conditions. In fact, the
completeness of exponential sets is a classical problem in Fourier analysis since
1930s’, see [18–22, 25] and references therein for historical remarks and recent
advances.
The main contribution of this paper is to introduce a quantity Dτ,δ to mea-
sure minimal level difference between a branch δ of the labeling tree and its sub-
branches, see Definition 2.3. We show in Theorem 2.4 that a maximal orthogonal
set Λ with maximal tree labeling τ is a spectrum if Dτ,δ is uniform bounded on all
tree branches δ, and also in Theorem 2.5 that it is not a spectrum if Dτ,δ increases
linearly to the level of the tree branches δ.
Unlike spectra of the Lebesgue measure on the unit interval, a spectrum Λ of
a singular measure could have the integrally rescaled set KΛ being its spectrum
too, see [7, 8, 14] for the Bernoulli convolution µ4. In this paper, we apply our
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completeness results in Theorems 2.4 and 2.5 to characterize the spectral property
of the rescaled set KΛ for a given spectrum Λ of the Cantor measure µq,b via no
repetend of K for the labeling tree of Λ. As corollaries, we find all integers K
such that KΛ4 are spectra of the Bernoulli convolution µ4, see Corollary 2.7, and
we construct a spectrum Λ of the Cantor measure µq,b such that the rescaled set
Λ/(b− 1) is its maximal orthogonal set but not its spectrum, see Theorems 2.6, 5.1
and 5.2.
This paper is organized as follows. In Section 2, we recall some preliminaries
about (maximal) orthogonal sets for Cantor measures, and state our main results.
In Sections 3, we consider the problem when a maximal orthogonal set is a spec-
trum. In Section 4, we discuss the necessity for a maximal orthogonal set to be a
spectrum. In Section 5, we discuss rationally rescaling of a spectrum.
2. Preliminaries and main theorems
We start this section from recalling a characterization of orthogonal sets of a
probability measure µ via its Fourier transform µˆ,
µˆ(ξ) :=
∫
R
e−2πiξxdµ(x).
Observe that the zero set of the Fourier transform µ̂q,b, see (3.6) for its explicit
expression, is
Zq,b = {b ja : a ∈ Z\qZ, 0 ≤ j ∈ Z}.
Then a discrete setΛ is an orthogonal set of µq,b if and only if we have the following
for orthogonal sets of the Cantor measure µq,b [2, 4]:
(2.1) Λ − Λ ⊂ Zq,b ∪ {0}.
As orthogonal sets (maximal orthogonal sets and spectra) are invariant under trans-
lations, in this paper we always normalize them by assuming that
(2.2) 0 ∈ Λ ⊂ Z.
To introduce the tree structure of the maximal orthogonal set of the Cantor mea-
sure µq,b, we need some notation and concepts. Denote Σq := {0, · · · , q − 1}, and
Σ
n
q := Σq × · · · × Σq︸          ︷︷          ︸
n
, 1 ≤ n ≤ ∞ be the n copies of Σq, and Σ∗q :=
⋃
1≤n<∞ Σ
n
q. Given
δ = δ1δ2 · · · ∈ Σ
∗
q ∪ Σ
∞
q and δ′ ∈ Σ∗q, we define δ′δ is the concatenation of δ′ and δ,
and adopt the notation 0∞ = 000 · · · , 0k = 0 · · · 0︸︷︷︸
k
. We call an element in Σ∗q ∪ Σ∞q
as a tree branch. For each tree branch δ = δ1δ2 · · · , denote
δ|k :=
{
δ1δ2 · · · δk when δ ∈ Σ∞q , and
(δ0∞)|k when δ ∈ Σ∗q,
for all k ≥ 1.
Definition 2.1. For 2 ≤ q, b/q ∈ Z, we say that a mapping τ : Σ∗q → {−1, 0, . . . , b−
2} is a tree mapping if
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(i) τ(0n) = 0 for all n ≥ 1, and
(ii) τ(δ) ∈ δn + qZ if δ = δ1 · · · δn ∈ Σnq, n ≥ 1,
and that a tree mapping τ is maximal if
(iii) for any δ ∈ Σ∗q there exists δ′ ∈ Σ∗q such that τ((δδ′)|n) = 0 for sufficiently
large integers n.
In [2], He, Lai and the author established the following characterization for a
maximal orthogonal set of the Cantor measure µq,b via some maximal tree map-
ping.
Theorem 2.2. ( [2]) Let 2 ≤ q, b/q ∈ Z. Assume that Λ is a countable set of
real numbers containing zero. Then Λ is a maximal orthogonal set of the Cantor
measure µq,b if and only if there exists a maximal tree mapping τ such that Λ =
Λ(τ), where
(2.3)
Λ(τ) :=
{ ∞∑
n=1
τ(δ|n)bn−1 : δ ∈ Σ∗q such that τ(δ|m) = 0 for sufficiently large m
}
.
Given a maximal tree mapping τ : Σ∗q → {−1, 0, . . . , b − 2}, we say that δ ∈
Σ
n
q, n ≥ 1, is a τ-regular branch if τ(δ|m) = 0 for sufficiently large m. Define
Πτ,n : Σ
∗
q ∪ Σ
∞
q → R, n ≥ 1, by
Πτ,n(δ) =
n∑
k=1
τ(δ|k)bk−1.(2.4)
One may verify that the restriction of Πτ,n onto Σnq is one-to-one for any n ≥ 1. For
a τ-regular tree branch δ ∈ Σ∗q, we can extend the definition Πτ,n(δ), n ≥ 1, in (2.4)
to n = ∞ by taking limit in (2.4),
Πτ,∞(δ) :=
∞∑
k=1
τ(δ|k)bk−1.(2.5)
Applying the above b-nary expression, we conclude that a maximal orthogonal set
of the Cantor measure µq,b is the image of Πτ,∞ for some maximal tree mapping τ,
Λ(τ) = {Πτ,∞(δ) : δ ∈ Σ∗q are τ-regular branches}.
This together with Theorem 2.2 suggests that various maximal orthogonal sets of
the Cantor measure µq,b could be constructed by selecting maximal tree mapping
appropriately.
Now we introduce a quantity to measure (minimal) level difference between a
tree branch and its subbranches, which plays important role in our study of spectral
property of Cantor measures. For δ′ ∈ Σ∗q and δ ∈ Σnq for some n ≥ 1, define
(2.6) Dτ,δ(δ′) = #Aδ(δ′) +
∑
n j∈Bδ(δ′)
(n j − n j−1 − 1),
where Aδ(δ′) := {m ≥ 1 : τ(δδ′|m) , 0}, Bδ(δ′) := {m ≥ 1 : τ(δδ′|m) < qZ},
n0 = 0, and {n j} j≥1 is a strictly increasing sequence of positive integers given by
{n j : j ≥ 1} = Aδ(δ′), and #E is the cardinality of a set E.
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Definition 2.3. Let 2 ≤ q, b/q ∈ Z and τ : Σ∗q → {−1, 0, . . . , b − 2} be a maximal
tree mapping. Define
(2.7) Dτ,δ := inf {Dτ,δ(δ′) : δ′ ∈ Σ∗q}, δ ∈ Σ∗q.
Given a maximal tree mapping τ : Σ∗q → {−1, 0, . . . , b − 2}, we say that δ ∈
Σ
n
q, n ≥ 1, is a a τ-main branch if τ(δ|m) = 0 for all m > n. Clearly δ ∈ Σ∗q is a
τ-regular branch if and only if either δ is a τ-main branch or δ0k is for some k ≥ 1;
and for any δ ∈ Σ∗q there exists a τ-main subbranch δδ′, where δ′ ∈ Σ∗q. For any
δ ∈ Σ∗q, one may verify that the quantity Dτ,δ is the minimal distance to its τ-main
subbranches,
(2.8) Dτ,δ = inf {Dτ,δ(δ′) : δδ′ are τ-main branches} < ∞.
A challenging problem in spectral theory for the Cantor measure µq,b is when
a maximal orthogonal set becomes a spectrum [2, 4, 6–8, 14, 23]. Now we present
our main results of this paper. In our first main result, a sufficient condition via
boundedness of Dτ,δ, δ ∈ Σ∗q, is provided for a maximal orthogonal set of the Cantor
measure µq,b to its spectrum.
Theorem 2.4. Let 2 ≤ q, b/q ∈ Z. If τ : Σ∗q → {−1, 0, . . . , b − 2} is a maximal tree
mapping such that
(2.9) Dτ := sup{Dτ,δ : δ ∈ Σ∗q} < ∞,
then Λ(τ) in (2.3) is a spectrum of the Cantor measure µq,b.
We believe that the boundedness assumption on Dτ,δ, δ ∈ Σ∗q, is a very weak
sufficient condition for a maximal orthogonal set to be a spectrum. In fact, as
shown in the next theorem, the above boundedness condition on Dτ,δ, δ ∈ Σ∗q, is
close to be necessary.
Theorem 2.5. Let 2 ≤ q, b/q ∈ Z, τ : Σ∗q → {−1, 0, . . . , b − 2} be a maximal
tree mapping. If there exists a positive number ǫ0 such that for each n ≥ 1 and
δ = δ1δ2 · · · δn ∈ Σ
n
q with δn , 0,
(2.10) Dτ,δ ≥ ǫ0n,
then Λ(τ) in (2.3) is not a spectrum of the Cantor measure µq,b.
Finally we apply our completeness results in Theorems 2.4 and 2.5 to the rescaling-
invariant problem when the rescaled set KΛ is a spectrum of the Cantor measure
µq,b if Λ is. This simple and natural way to construct new spectra from known ones
is motivated from the conclusion that if K = 5k for some k ≥ 1, then the rescaled
set KΛ4 := {Kλ : λ ∈ Λ4} of the spectrum
(2.11) Λ4 :=
{ ∞∑
j=0
d j4 j, d j ∈ {0, 1}
}
of the Bernoulli convolution µ4 is also a spectrum [7,8,14]. In the next theorem, we
show that if the maximal tree mapping τ associated with the spectrum Λ satisfies
the boundedness assumption (2.9), then the integrally rescaled set KΛ is a spectrum
of the Cantor measure µq,b if and only if it is a maximal orthogonal set.
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Theorem 2.6. Let 2 ≤ q, b/q ∈ Z, τ : Σ∗q → {−1, 0, . . . , b − 2} be a maximal tree
mapping satisfying (2.9), and Λ(τ) be as in (2.3). Then for any integer K being
prime with b, KΛ(τ) is a spectrum of the Cantor measure µq,b if and only if it is a
maximal orthogonal set.
Applying Theorem 2.6, we find all possible integers K such that KΛ4 are spectra
of the Bernoulli convolution µ4, c.f. [7, 8, 14].
Corollary 2.7. Let Λ4 be as in (2.11) and K ≥ 3 be an odd integer. Then KΛ4
is a spectrum of the Bernoulli convolution µ4 if and only if there does not exist a
positive integer N such that
(2.12) K
N∑
j=1
d j4 j−1 ∈ (4N − 1)Z\{0}
for some d j ∈ {0, 1}, 1 ≤ j ≤ N.
Given a spectral set Λ of the Cantor measure µq,b, its irrational rescaling set rΛ
(i.e., r < Q) is not an orthogonal set (and hence not a spectrum) by (2.2). The
next question is when a rational rescaling set rΛ is an orthogonal set, or a maximal
orthogonal set, or a spectrum. A necessary condition is that rΛ ⊂ Z by (2.2),
but unlike integral rescaling discussed in Theorems 2.6 there are lots of interesting
problems unsolved yet. In this paper, we apply Theorems 2.4 and 2.5 to construct
a spectrum Λ of the Cantor measure µq,b such that the rescaled set Λ/(b − 1) is its
maximal orthogonal set but not its spectrum, see Theorem 5.2.
3. Maximal orthogonal sets and spectra: a sufficient condition
In this section, we prove Theorem 2.4. For that purpose, we need several techni-
cal lemmas on spectra of the Cantor measure µq,b, a crucial lower bound estimate
for its Fourier transform µ̂q,b, and an identity for multi-channel conjugate quadra-
ture filters.
For an orthogonal set Λ of L2(µq,b) containing zero, let
(3.1) QΛ(ξ) :=
∑
λ∈Λ
|µ̂q,b(ξ + λ)|2.
Then QΛ is a real analytic function on the real line with QΛ(0) = 1, and
QΛ(ξ) =
∑
λ∈Λ
|〈eλ, e−ξ〉|
2 ≤ ‖e−λ‖
2
= 1, ξ ∈ R,
where the equality holds if Λ is a spectrum. The converse is shown to be true
in [2, 14]. This provides a characterization for an orthogonal set of the Cantor
measure µq,b to be its spectrum.
Lemma 3.1. ( [2, 14]) Let 2 ≤ q, b/q ∈ Z, and let QΛ(ξ) be defined by (3.1).
Then an orthogonal set Λ of the Cantor measure µq,b is a spectrum if and only if
QΛ(ξ) = 1 for all ξ ∈ R.
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For the Cantor measure µq,b, taking Fourier transform at both sides of the equa-
tion (1.1) leads to the following refinement equation in the Fourier domain:
(3.2) µ̂q,b(ξ) = Hq,b(ξ/b) · µ̂q,b(ξ/b),
where
(3.3) Hq,b(ξ) := 1q
q−1∑
l=0
e−2πilbξ/q
is a periodic function with the properties that Hq,b(0) = 1,
(3.4) Hq,b(ξ) = 0 if and only if bξ ∈ Z\qZ,
and
(3.5) H′q,b( j/b) , 0 for all j ∈ Z.
Applying (3.2) repeatedly and then taking limit m → ∞, we obtain an explicit
expression for the Fourier transform of the Cantor measure µq,b:
(3.6) µ̂q,b(ξ) = Hm(ξ)µ̂q,b(ξ/bm) =
∞∏
j=1
Hq,b(ξ/b j), m ≥ 1,
where
(3.7) Hm(ξ) :=
m∏
j=1
Hq,b(ξ/b j), m ≥ 1.
Let 2 ≤ q, b/q ∈ Z. Define
(3.8)
r0 := inf
|ξ|≤(b−2)/(b−1)
|̂µq,b(ξ)| and r1 := inf
1≤ j≤q−1
inf
|ξ|≤(b−2)/(b−1)
|ξ|−1|Hq,b(ξ/b + j/b)|.
Then it follows from (3.4), (3.5) and (3.6) that both r0 and r1 are well-defined and
positive,
(3.9) r0 > 0 and r1 > 0.
Set
(3.10) Tb =
(
−
1
b − 1 ,
b − 2
b − 1
)∖(
−
1
b(b − 1) ,
b − 2
b(b − 1)
)
.
For any m ≥ 1 and d j ∈ {−1, 0, . . . , b − 2}, 1 ≤ j ≤ m, with dm , 0, one may verify
that
(3.11)
(
ξ +
m∑
j=1
d jb j−1
)
b−m ∈ Tb for all ξ ∈
(
−
1
b − 1 ,
b − 2
b − 1
)
.
To prove Theorem 2.4, we need the following two lemmas which are related to
the lower bound estimates of |µ̂q,b(ξ + λ)| for ξ ∈ Tb and λ ∈ Z.
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Lemma 3.2. Let 2 ≤ q, b/q ∈ Z, µq,b be the Cantor measure in (1.1), and let
λ =
∑K
j=1 dn j bn j−1 for some positive integers n j, 1 ≤ j ≤ K, satisfying 0 =: n0 <
n1 < . . . < nK , and for some dn j , 1 ≤ j ≤ K, belonging to the set {−1, 1, 2, . . . , b−2}.
Then
(3.12) |µ̂q,b(ξ + λ)| ≥ rK+10
( r1
b(b − 1)
)#B
b−
∑
j∈B(n j−n j−1−1), ξ ∈ Tb,
where B = {1 ≤ j ≤ K : dn j < qZ} and r0, r1 are given in (3.8).
Proof. For 0 ≤ i ≤ K, define ξ0 = ξ and ξi = (ξ +∑ij=1 dn j bn j−1)/bni for 1 ≤ i ≤ K.
Then
(3.13) ξi ∈ Tb for all 0 ≤ i ≤ K
by (3.11). Observe that
(3.14) |Hq,b(η)| ≤ 1 for all η ∈ R and sup
bη∈Tb
|Hq,b(η)| < 1.
The above observation, together with (3.6), (3.13) and the fact that Hq,b has period
q/b, implies
ni∏
ℓ=ni−1+1
∣∣∣Hq,b((ξ + λ)/bℓ)∣∣∣ = ni∏
ℓ=ni−1+1
∣∣∣∣Hq,b((ξ + i−1∑
j=1
dn j bn j−1 + dnibni−1
)
b−ℓ
)∣∣∣∣
=
ni−ni−1∏
ℓ′=1
∣∣∣Hq,b(ξi−1/bℓ′)∣∣∣ ≥ |µ̂q,b(ξi−1)| ≥ r0
if dni ∈ qZ; and
ni∏
ℓ=ni−1+1
∣∣∣Hq,b((ξ + λ)/bℓ)∣∣∣
=
( ni−1∏
ℓ=ni−1+1
∣∣∣∣Hq,b((ξ + i−1∑
j=1
dn j bn j−1
)
b−ℓ
)∣∣∣∣) · ∣∣∣∣Hq,b((ξ + i−1∑
j=1
dn j bn j−1 + dni bni−1
)
b−ni
)∣∣∣∣
≥ |µ̂q,b
(
ξi−1)| ·
∣∣∣Hq,b(ξi−1/bni−ni−1 + dni/b)∣∣∣ ≥ r0r1|ξi−1|/bni−ni−1−1
≥ r0r1b−ni+ni−1/(b − 1)
if dni < qZ. Combining the above two lower bound estimates with
(3.15) µ̂q,b(ξ + λ) =
( K∏
i=1
ni∏
ℓ=ni−1+1
Hq,b
((ξ + λ)/bℓ)) · µ̂q,b((ξ + λ)/bnK )
proves (3.12). 
Lemma 3.3. Let 2 ≤ q, b/q ∈ Z, and τ : Σ∗q → R be a maximal tree mapping
satisfying (2.9). Then for each δ ∈ ΣMq , M > 0, there exists δ′ ∈ Σ∗q such that
(3.16) |µ̂q,b(ξ + Πτ,∞(δδ′))| ≥ r2Dτ+2|HM(ξ + Πτ,M(δ))|, ξ ∈ Tb,
where r = min
(
r0,
1
b ,
r1
b(b−1)
)
and r0, r1 are defined in (3.8).
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Proof. If δ is a τ-main branch, we set δ′ = 0. In this case,
|µ̂q,b(ξ + Πτ,∞(δδ′))| = |µ̂q,b(ξ + Πτ,M(δ))|
= |HM(ξ + Πτ,M(δ))| ·
∣∣∣µ̂q,b((ξ + Πτ,M(δ))/bM)∣∣∣
≥
(
inf
η∈(−1/(b−1),(b−2)/(b−1))
|µ̂q,b(η)|
)
· |HM(ξ + Πτ,M(δ))|
≥ r0|HM(ξ + Πτ,M(δ))|, ξ ∈ Tb,(3.17)
where the second equalities follows from(3.6), while the first inequality holds as
b−M(ξ + Πτ,M(δ)) ∈ ( − 1/(b − 1), (b − 2)/(b − 1)) for all ξ ∈ Tb.
Now consider δ is not a τ-main branch. In this case, define
(3.18) δ′ := 0mδ′′,
where m ≥ 1 is the smallest integer such that τ(δ|m+M) , 0, and δ′′ ∈ Σ∗q is so
chosen that the quantities Dτ,δ0m (δ′′) in (2.6) and Dτ,δ0m in (2.7) are the same,
(3.19) Dτ,δ0m (δ′′) = Dτ,δ0m .
Let η1 = (ξ + Πτ,M+m(δ0m))/bM+m and η2 = (ξ + Πτ,M(δ))/bM for ξ ∈ Tb. Then
(3.20) η1 ∈ Tb and η2 ∈
(
−
1
b − 1 ,
b − 2
b − 1
)
by (3.11) and τ(δ0m) = τ(δ|m+M) , 0. Write
(
Πτ,∞(δ0mδ′′) − Πτ,M+m(δ0mδ′′))/bM+m = K∑
j=1
dn j bn j−1
for some integers n j, 1 ≤ j ≤ K, satisfying 1 ≤ n1 < n2 < . . . < nK and some
dn j ∈ {−1, 1, 2, . . . , b − 2}, 1 ≤ j ≤ K. Therefore∣∣∣µ̂q,b(ξ + Πτ,∞(δδ′))∣∣∣
= |HM(ξ + Πτ,∞(δδ′))| ·
∣∣∣∣ M+m∏
l=M+1
Hq,b
((ξ + Πτ,∞(δδ′))/bl)∣∣∣∣
·
∣∣∣µ̂q,b((ξ + Πτ,∞(δδ′))/bM+m)∣∣∣
= |HM(ξ + Πτ,M(δ))| ·
∣∣∣∣ m∏
l=1
Hq,b(η2/bl)
∣∣∣∣ · ∣∣∣∣µ̂q,b(η1 + K∑
j=1
d jbn j−1
)∣∣∣∣
≥ r0r
2Dτ,δ0m (δ′′)|µ̂q,b(η2)| · |HM(ξ + Πτ,M(δ))| ≥ r20r2Dτ,δ0m
∣∣∣HM(ξ + Πτ,M(δ))∣∣∣,(3.21)
where the first inequality follows from (3.6), (3.14) and Lemma 3.2. Combining
(3.17) and (3.21) proves (3.16). 
Observe that Hq,b(ξ) in (3.3) satisfies
(3.22)
q−1∑
j=0
|Hq,b(ξ + j/b)|2 = 1.
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To prove Theorem 2.4, we need a similar identity for Hm(ξ),m ≥ 1, with shifts in
Πτ,m(Σmq ).
Lemma 3.4. Let 2 ≤ q, b/q ∈ Z, τ : Σ∗q → R be a tree mapping, and let Hm(ξ),m ≥
1, be as in (3.7). Then∑
δ∈Σmq
|Hm
(
ξ + Πτ,m(δ))|2 = 1, ξ ∈ R.(3.23)
Proof. For m = 1,
∑
δ∈Σmq
|Hm(ξ + Πτ,m(δ))|2 =
q−1∑
j=0
|Hq,b(ξ/b + τ( j)/b)|2 =
q−1∑
j=0
|Hq,b(ξ/b + j/b)|2 = 1,
where the last equality follows from (3.22), and the second one holds as Hq,b has
period q/b and τ( j) − j ∈ qZ, 0 ≤ j ≤ q − 1, by the tree mapping property for τ.
This proves (3.23) for m = 1.
Inductively we assume that (3.23) hold for all m ≤ k. Then for m = k + 1,∑
δ∈Σmq
|Hm(ξ + Πτ,m(δ))|2
=
∑
δ′∈Σkq
q−1∑
j=0
|Hk(ξ + Πτ,k+1(δ′ j))|2 ·
∣∣∣Hq,b(ξ/bk+1 + Πτ,k+1(δ′ j)/bk+1)∣∣∣2
=
∑
δ′∈Σkq
q−1∑
j=0
|Hk(ξ + Πτ,k(δ′))|2 ·
∣∣∣Hq,b(ξ/bk+1 + Πτ,k(δ′)/bk+1 + j/b)∣∣∣2 = 1,
where the first equality holds as Hk+1(ξ) = Hk(ξ)Hq,b(ξ/bk+1), the second one fol-
lows from the observations that Hk and Hq,b are periodic functions with period
bk−1q and q/b respectively and that
Πτ,k+1(δ′ j) = Πτ,k(δ′) + τ(δ′ j)bk ∈ Πτ,k(δ′) + jbk + qbkZ, 0 ≤ j ≤ q − 1,
by the tree mapping property for τ, and the last one is true by (3.22) and the induc-
tive hypothesis. This completes the inductive proof. 
We have all ingredients for the proof of Theorem 2.4.
Proof of Theorem 2.4. Let Q(ξ) := QΛ(ξ) be the function in (3.1) associated with
the maximal orthogonal set Λ := Λ(τ) of L2(µq,b). As Q is an analytic function
on the real line, the spectral property for the maximal orthogonal set Λ reduces to
proving Q(ξ) ≡ 1 for all ξ ∈ Tb by Lemma 3.1. Suppose, on the contrary, there
exists ξ0 ∈ Tb such that
(3.24) Q(ξ0) < 1.
For n ≥ 1, set
(3.25) Λn := {Πτ,∞(δ) : δ ∈ Σnq such that τ is regular on δ},
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and define
(3.26) Qn(ξ) :=
∑
λ∈Λn
|µ̂q,b(ξ + λ)|2, ξ ∈ R.
Then
lim
n→∞
Λn = Λ and Λn ⊂ Λn+1 for all n ≥ 1,
since Λ = Λ(τ) and Σ∗q = ∪∞n=1Σnq. This implies that Qn(ξ), n ≥ 1, is an increasing
sequence that converges to Q(ξ), i.e.,
(3.27) lim
n→∞
Qn(ξ) = Q(ξ), ξ ∈ R.
Thus for sufficiently small ǫ > 0 chosen later, there exists an integer N such that
(3.28) Q(ξ0) − ε ≤ QN(ξ0) ≤ Qn(ξ0) ≤ Q(ξ0) < 1 for all n ≥ N.
For any δ ∈ Σnq being τ-regular,
(3.29) lim
m→∞
Hm(ξ + Πτ,m(δ)) = lim
m→∞
Hm(ξ + Πτ,∞(δ)) = µ̂q,b(ξ + Πτ,∞(δ)), ξ ∈ R.
For any δ ∈ Σnq such that δ is not τ-regular, the set {m ≥ n+ 1 : τ(δ|m) , 0} contains
infinite many integers. Denote that set by {m j, j ≥ 1} for some strictly increasing
sequence {m j}∞j=1. Recall that
(3.30) τ(δ|m j ) ∈ qZ ∩ {−1, 1, 2, . . . , b − 2} for all j ≥ 1
by the tree mapping property for τ. Therefore for m j ≤ m < m j+1 with j ≥ 1,
|Hm(ξ + Πτ,m(δ))| ≤ |Hm j (ξ + Πτ,m(δ))
∣∣∣ = |Hm j (ξ + Πτ,m j (δ))∣∣∣
≤
j−1∏
k=1
∣∣∣Hq,b((ξ + Πτ,m j(δ))/bmk+1)∣∣∣
=
j−1∏
k=1
∣∣∣Hq,b((ξ + Πτ,mk (δ))/bmk+1)∣∣∣
≤
(
sup
bη∈Tb
|Hq,b(η)|
) j−1
, ξ ∈ Tb,(3.31)
where the inequalities follow from (3.11), (3.14) and (3.30), and the equalities hold
by the tree mapping property τ and the q/b periodicity of the filter Hq,b. Combining
(3.14) and (3.31) proves that
(3.32) lim
m→∞
|Hm(ξ + Πτ,m(δ))| = 0, ξ ∈ Tb
if δ ∈ Σnq is not τ-regular.
Applying (3.29) and (3.32) with n and ξ replaced by N and ξ0 respectively, we
can find a sufficient large integer M ≥ N + 1 such that
(3.33)
∑
δ∈ΣNq
|HM(ξ0 + Πτ,M(δ))|2 ≤
∑
λ∈ΛN
|µ̂q,b(ξ0 + λ)|2 + ε ≤ Q(ξ0) + ε.
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This together with Lemma 3.4 implies that
(3.34)
∑
δ∈ΣMq \Σ
N
q
|HM(ξ0 + Πτ,M(δ))|2 > 1 − Q(ξ0) − ε > 0,
where
Σ
M
q \Σ
N
q =
{
δ ∈ ΣMq : δ|N0∞ , δ0∞
}
.
Now, for each δ ∈ ΣMq \ΣNq , let λ(δ) = Πτ,∞(δδ′) with δ′ selected as in Lemma
3.3. Observe that λ(δ) − Πτ,M(δ) ∈ bMZ for all δ ∈ ΣMq \ΣNq . This implies that
λ(δ1) , λ(δ2) for two distinct δ1, δ2 ∈ ΣMq \ΣNq . Therefore
Q(ξ0) =
∑
λ∈Λ
|µ̂q,b(ξ0 + λ)|2 ≥
∑
λ∈ΛN
|µ̂q,b(ξ0 + λ)|2 +
∑
δ∈ΣMq \Σ
N
q
|µ̂q,b(ξ0 + λ(δ))|2
≥ Q(ξ0) − ε + r4Dτ+4
∑
δ∈ΣMq \Σ
N
q
|HM(ξ + Πτ,M(δ))|2
≥ Q(ξ0) − ε + r4Dτ+4(1 − Q(ξ0) − ε),
where the second inequality follows from (3.28) and Lemma 3.3, and the last holds
by (3.34). This contradicts to (3.24) by letting ε chosen sufficiently small. 
4. Maximal orthogonal sets and spectra: a necessary condition
Given a tree mapping τ, define
(4.1) Nτ(n) :=
{
inf0,δ∈Σq Dτ,δ(0∞) if n = 1
infδ∈Σnq\Σn−1q Dτ,δ(0∞) if n ≥ 2,
where Σnq\Σn−1q := {δ′ j : δ′ ∈ Σn−1q , 1 ≤ j ≤ q − 1}. In this section, we establish the
following strong version of Theorem 2.5.
Theorem 4.1. Let 2 ≤ q, b/q ∈ Z, τ : Σ∗q → {−1, 0, . . . , b − 2} be a maximal tree
mapping, and let Nτ(n), n ≥ 1, be as in (4.1). Set
r2 := max{|Hq,b(ξ)| : 1/b ≤ b(b − 1)|ξ| ≤ b − 2}.
If ∑∞n=1 r2Nτ(n)2 < ∞, then Λ(τ) in (2.3) is not a spectrum of L2(µq,b).
For a maximal tree mapping τ satisfying (2.10),
∞∑
n=1
r
2Nτ(n)
2 ≤
∞∑
n=1
r
2ǫ0n
2 < ∞,
where the last inequality holds as |Hq,b(ξ)| < 1 if bξ < qZ. This together with
Theorem 4.1 proves Theorem 2.5. Now it remains to prove Theorem 4.1.
Proof of Theorem 4.1. Let N0 ≥ 2 be so chosen that Nτ(n) ≥ 1 for all n ≥ N0.
The existence follows the series convergence assumption on Nτ(n), n ≥ 1. Take
δ ∈ Σnq\Σ
n−1
q being τ-regular, where n ≥ N0. Write
{m ≥ n + 1 : τ(δ|m) , 0} = {nk : 1 ≤ k ≤ K}
12
for some integers n < n1 < n2 < . . . < nK , where K ≥ Nτ(n). Therefore for ξ ∈ Tb,
|µ̂q,b(ξ + Πτ,∞(δ))| = |Hn(ξ + Πτ,∞(δ))| ·
∣∣∣µ̂q,b((ξ + Πτ,∞(δ))/bn)∣∣∣
≤ |Hn(ξ + Πτ,n(δ))| ·
K∏
k=1
∣∣∣Hq,b((ξ + Πτ,nk (δ))/b−nk−1)∣∣∣
≤
(
sup
η∈Tb
|Hq,b(η/b)|
)K
· |Hn(ξ + Πτ,n(δ))|
≤ r
Nτ(n)
2 |Hn(ξ + Πτ,n(δ))|,(4.2)
where the first equality holds by (3.6); the first inequality follows from (3.6), (3.14)
and τ(δ|nk ) ∈ qZ, 1 ≤ k ≤ K, by the tree mapping property for τ; the second
inequality is true since (ξ + Πτ,nk (δ))/b−nk ∈ Tb by (3.11); and the last inequality
follows from the definition of the quality Nτ(n).
Let Λn and Qn, n ≥ 1, be as in (3.25) and (3.26) respectively, and set Λ0 = {0}
and Q0(ξ) = |µ̂q,b(ξ)|2. Then for n ≥ 1 and ξ ∈ Tb,
1 − Qn(ξ) = 1 − Qn−1(ξ) −
∑
δ∈Σnq\Σ
n−1
q is τ-regular
|µ̂q,b(ξ + Πτ,∞(δ))|2(4.3)
≥ 1 − Qn−1(ξ) − r2Nτ(n)2
∑
δ∈Σnq\Σ
n−1
q
|Hn(ξ + Πτ,n(δ))|2
≥ 1 − Qn−1(ξ) − r2Nτ(n)2
(
1 −
∑
λ∈Λn−1
|µ̂q,b(ξ + λ)|2
)
= (1 − r2Nτ(n)2 ) ·
(
1 − Qn−1(ξ)),
where the first equality holds because
Λn\Λn−1 =
{
Πτ,∞(δ) : δ ∈ Σnq\Σn−1q is τ-regular
}
;
the first inequality is true by (4.2); and the second inequality follows from Lemma
3.4 and ∑
λ∈Λn−1
|µ̂q,b(ξ + λ)|2 ≤
∑
δ∈Σn−1q
|Hn(ξ + Πτ,n(δ))|2, ξ ∈ R,
by (3.6) and (3.14). Recall that limn→∞ Qn(ξ) = Q(ξ), ξ ∈ R, by (3.27). Applying
(4.3) repeatedly and using the convergence of ∑∞n=1 r2Nτ(n)2 gives
(4.4) 1 − Q(ξ) ≥
( ∞∏
n=N0+1
(
1 − r2Nτ(n)2
))
· (1 − QN0(ξ)), ξ ∈ Tb.
On the other hand,
QN0(ξ) =
∑
λ∈ΛN0
|µ̂q,b(ξ + λ)|2 <
∑
δ∈Σ
N0
q
|HN0(ξ + Πτ,N0 (δ))|2 = 1, ξ ∈ Tb
by (3.6), (3.14) and (3.23). This together with (4.4) proves that Q(ξ) < 1 for all
ξ ∈ Tb, and hence Λ = Λ(τ) is a not a spectrum for L2(µq,b) by Lemma 3.1. 
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5. Spectra rescaling
In this section, we first prove Theorem 2.6 in Subsection 5.1. We then consider
verification of maximal orthogonality of the rescaled set KΛ in Subsection 5.2. In
that subsection, we show that the rescaled set KΛ is not a maximal orthogonal set
of the Cantor measure µq,b if and only if the labeling tree τ(Σ∗q) has certain periodic
properties (5.1) and (5.3).
Theorem 5.1. Let 2 ≤ q, b/q ∈ Z, τ : Σ∗q → {−1, 0, . . . , b − 2} be a maximal tree
mapping, Λ := Λ(τ) be as in (2.3), and let K > 1 be an integer coprime with
b. Then KΛ is not a maximal orthogonal set of the Cantor measure µq,b if and
only if there exist δ ∈ Σ∞q and a nonnegative integer M such that {τ(δ|n)}∞n=M+1 is a
periodic sequence with positive period N, i.e.,
(5.1) τ(δ|n) = τ(δ|n+N ), n ≥ M + 1,
and that the word W = ω1ω2 · · ·ωN defined by
(5.2) ω j = τ(δ|M+ j), 1 ≤ j ≤ N,
is a repetend of the recurring b-band decimal expression of i/K for some i ∈ Z\{0},
i.e.,
(5.3)
i
K
= 0.ωN · · ·ω2ω1ωN · · ·ω2ω1ωN · · · =
∞∑
n=1
N∑
j=1
ω jb j−Nn−1 =
∑N
j=1 ω jb j−1
bN − 1
.
By Theorems 2.6 and 5.1, we see that the rescaled set KΛ is a spectrum if and
only if the labeling tree of Λ contains no repetend of K.
For the spectrum Λ4 of the Bernoulli convolution µ4 in (2.11), the associated
maximal tree mapping τ2,4 on Σ∗2 is given by
(5.4) τ2,4(δ) = δn for δ = δ1 · · · δn ∈ Σn2, n ≥ 1.
Thus Dτ2,4 ,δ = 0 for all δ ∈ Σ∗2, and the requirement (2.9) is satisfied for the max-
imal tree mapping τ2,4. Hence Corollary 2.7 follows immediately from Theorem
2.6 and 5.1.
Finally in Subsection 5.3, we construct a spectrum Λ of the Cantor measure µq,b
such that Λ/(b − 1), a seemingly denser set than the spectrum Λ, is its maximal
orthogonal set but not its spectrum.
Theorem 5.2. Consider 2 ≤ q, b/q ∈ Z and b > 4. Define a tree mapping κ : Σ∗q →
{−1, 0, 1, . . . , b − 2} by
(5.5) κ(δ|k+1) =

0 if δ = 0 and k ≥ 0
δ if 1 ≤ δ ≤ q − 1 and k = 0
q if 1 ≤ δ ≤ q − 1 and k ∈ {1, 2, · · · , Kδ, 2b}
0 if 1 ≤ δ ≤ q − 1 and Kδ < k , 2b
if δ ∈ Σ1q,
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where 0 ≤ Kδ ≤ b − 2 is the unique integer such that q(Kδ + 1) + δ ∈ (b − 1)Z; and
inductively
(5.6) κ(δ|k+n) =

j if k = 0
q if k ∈ {1, 2, . . . , Kδ, n + 2b − 1}
0 if k > Kδ and k , n + 2b − 1
if δ = δ′ j for some δ′ ∈ Σn−1q , n ≥ 2 and j ∈ {1, . . . , q−1}, where Kδ ∈ {0, 1, . . . , b−
2} is the unique integer such that
(5.7)
( n−1∑
i=1
κ(δ|i) + q(Kδ + 1) + j
)
∈ (b − 1)Z.
Then
(5.8) Λq,b := {Πκ,∞(δ) : δ ∈ Σ∗q}
is a spectrum of the Cantor measure µq,b, and the rationally rescaled setΛq,b/(b−1)
is its maximal orthogonal set but not its spectrum.
5.1. Proof of Theorem 2.6. The necessity is obvious. Now we prove the suffi-
ciency. Without loss of generality, we assume K is positive since −Λ is a spectrum
(maximal orthogonal set) if and only if Λ is. Let κ be the maximal tree mapping
associated with the maximal orthogonal set KΛ of the Cantor measure µq,b. The
existence of such a mapping follows from Theorem 2.2 and the assumption on
KΛ. Denote the integral part of a real number x by ⌊x⌋. By Theorem 2.4 and the
assumption that Dτ < ∞, it suffices to prove that
(5.9) inf{Dκ,δ(δ′), δ′ ∈ Σ∗q} ≤ (2⌊logb K⌋ + 4)(Dτ + 1), δ ∈ Σ∗q.
Take δ ∈ Σnq, n ≥ 1, and let δ1 ∈ Σ∗q be so chosen that δδ1 is κ-regular. As
Πκ,∞(δδ1) ∈ KΛ, there exists ζ ∈ Σnq such that
(5.10) KΠτ,n(ζ) − Πκ,n(δ) ∈ bnZ.
Let ζ′ ∈ Σ∗q be so chosen that ζζ′ is a τ-main subbranch of ζ and
(5.11) Dτ,ζ(ζ′) = Dτ,ζ ,
where the existence of such a tree branch ζ′ follows from (2.8). Therefore the
verification of (5.9) reduces to showing the existence of δ′ ∈ Σ∗q such that δδ′ is a
κ-main branch,
(5.12) KΠτ,∞(ζζ′) = Πκ,∞(δδ′),
and
(5.13) Dκ,δ(δ′) ≤ (2⌊logb K⌋ + 4)(Dτ,ζ + 1).
By Theorem 2.2, there exists a κ-main branch δ2 ∈ Σ∗q such that
(5.14) Πκ,∞(δ2) = KΠτ,∞(ζζ′).
Then
(5.15) Πκ,n(δ2) − Πκ,n(δ) ∈ KΠτ,n(ζ) − Πκ,n(δ) + bnZ = bnZ
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by (5.10). This together with one-to-one correspondence of the mapping Πκ,n :
Σ
n
q → Z proves δ2 = δδ′ for some δ′ ∈ Σ∗q.
The equation (5.12) follow from (5.14). Now it remains to prove (5.13). With-
out loss of generality, we assume that Πκ,∞(δδ′) , Πκ,n(δ), because otherwise
Dκ,δ(δ′) = 0 and hence (5.13) follows immediately. Thus we may write
(5.16) Πκ,∞(δδ′) = Πκ,n(δ) +
L∑
l=1
dlbn+ml−1
for a strictly increasing sequence {ml}Ll=1 of integers and some dl ∈ {−1, 1, . . . , b −
2}, 1 ≤ l ≤ L.
Also we may assume that Πτ,∞(ζζ′) , Πτ,n(ζ), because otherwise
KΠτ,∞(ζζ′) = KΠτ,n(ζ) ∈ K(−bn/(b − 1), (b − 2)bn/(b − 1))
and
Πκ,∞(δδ′) < (−bn+mL−1/(b − 1), (b − 2)bn+mL−1/(b − 1))
by (3.11) and (5.16). This together with (5.12) implies that bmL−1 ≤ K and hence
Dκ,δ(δ′) ≤ mL ≤ ⌊logb K⌋ + 1.
Therefore we can write
Πτ,∞(ζζ′) = Πτ,n(ζ) +
N∑
j=1
c jbn+n j−1,
where c j ∈ {−1, 1, . . . , b−2}, 1 ≤ j ≤ N, and {n j}Nj=1 is a strictly increasing sequence
of integers.
To prove (5.13) for the case that Πτ,∞(ζζ′) , Πτ,n(ζ), we need the following
claim:
Claim 1: {ml, 1 ≤ l ≤ L} ⊂ ∪Nj=0[n j, n j + ⌊logb K⌋ + 1].
Proof. Suppose, on the contrary, that Claim 1 does not hold. Then there exists
1 ≤ l ≤ L such that n j0 + ⌊logb K⌋ + 1 < ml < n j0+1 for some 0 ≤ j0 ≤ N, where
we set n0 = 0 and nN+1 = +∞. Observe that
(5.17) Πκ,n+ml(δδ′) − KΠτ,n+n j0 (ζζ′) ∈ bn+mlZ
by (5.12) and the assumption ml < n j0+1, and
Πκ,n+ml(δδ′) − KΠτ,n+n j0 (ζζ′)
∈ dlbn+ml−1 +
bn+ml−1 − 1
b − 1 [−1, b − 2] − K
bn+n j0 − 1
b − 1 [−1, b − 2]
⊂ dlbn+ml−1 + (−bn+ml−1, bn+ml−1)(5.18)
by the definitions of Πκ,n+ml and Πτ,n+n j0 and the assumption n j0 + logb K + 1 < ml.
Combining (5.17) and (5.18) leads to the contradiction that dl ∈ {−1, 1, . . . , b − 2}.
This completes the proof of Claim 1. 
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To prove (5.13) for the case that Πτ,∞(ζζ′) , Πτ,n(ζ), we need another claim:
Claim 2: If n j + ⌊logb K⌋ + 1 < n j+1, then there exists l0 such that ml0 = n j+1,
ml0−1 ∈ [n j, n j + ⌊logb K⌋ + 1] and dl0 ∈ qZ if and only if c j+1 ∈ qZ.
Proof. Let l0 be the smallest integer l with ml ≥ n j+1. By Claim 1, ml0−1 ≤ n j +
⌊logb K⌋ + 1 ≤ n j+1 − 1. Observe that Πκ,n+ml0 (δδ′) − KΠτ,n+n j+1 (ζζ′) ∈ bn+n j+1Z by(5.12); and
Πκ,n+ml0
(δδ′) − KΠτ,n+n j+1 (ζζ′)
∈ dl0 bn+ml0−1 − Kc j+1bn+n j+1−1 +
bn+ml0−1
b − 1 (−1, b − 2) −
Kbn+n j
b − 1 (−1, b − 2)
⊂ dl0 bn+ml0−1 − Kc j+1bn+n j+1−1 + bn+n j+1−1(−1, 1).(5.19)
Thus dl0 bml0−n j+1 − Kc j+1 ∈ bZ. This together, with the assumptions that c j+1 ∈
{−1, 1, . . . , b−2} and that K and b are coprime, implies that ml0 = n j+1 and dl0 ∈ qZ
if and only if c j+1 ∈ qZ. From the argument in (5.19), we see that
(5.20) Πκ,ml0−1(δδ′) = KΠτ,n j (ζζ′).
Thus ml0−1 ≥ n j, as Πκ,ml0−1(δδ′) ∈ bml0−1
(
− 1/(b − 1), (b − 2)/(b − 1)) and
KΠτ,n j (ζζ′) < Kbn j−1
(
− 1/(b − 1), (b − 2)/(b − 1)) by (3.11). This completes
the proof of Claim 2. 
Having established the above two claims, let us return to the proof of the in-
equality (5.13). Note that if
{k ∈ Z : ml0−1 < k < ml0} 1 ∪Nj=0[n j, n j + ⌊logb K⌋ + 1]
for some 1 ≤ l0 ≤ L, then by Claim 1, there exists 1 ≤ j0 ≤ N such that
ml0−1 ≤ n j0−1 + ⌊logb K⌋ + 1 < n j0 ≤ ml0 .
Then ml0 = n j0 , ml0−1 ≥ n j0−1 and dl0 ∈ qZ if and only if c j0 ∈ qZ by Claim 2.
Thus
∪dl<qZ(ml−1,ml) ⊂
(
∪Nj=0[n j, n j + ⌊logb K⌋ + 1]
)
∪
(
∪c j<qZ(n j−1, n j)
)
,
and thus∑
dl<qZ
(ml − ml−1 − 1) ≤ (⌊logb K⌋ + 2)(N + 1) +
∑
c j<qZ
(n j − n j−1 − 1).
This together with Claim 1, implies
Dκ,δ(δ′) ≤ 2(⌊logb K⌋+2)(N+1)+
∑
c j<qZ
(n j−n j−1−1) ≤ (2⌊logb K⌋+4)(Dτ,ζ(ζ′)+1).
We get (5.13) and hence complete the proof of Theorem 2.6.
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5.2. Proof of Theorem 5.1. (⇐=) Let
(5.21) λ0 = KΠτ,M(δ) − ibM ,
where i ∈ Z is given in (5.3). Inductively applying (5.3) proves that
(5.22) λ0 = KΠτ,M+N(δ) − ibM+N = · · · = KΠτ,M+nN(δ) − ibM+nN , n ≥ 1.
Take λ ∈ Λ. Now we show that exp(−2πiλ0x) is orthogonal to exp(−2πiKλx).
By the maximality of the tree mapping τ, there exists a τ-main branch ζ ∈ Σmq for
some m ≥ 1 by Theorem 2.2 such that
(5.23) λ = Πτ,∞(ζ).
Also for sufficiently large n ≥ 1, there exists λn ∈ Λ by the maximality of the
tree mapping τ such that λn , λ and
(5.24) λn − Πτ,M+Nn(δ) ∈ bM+NnZ.
The reason for λn , λ is that Πτ,M+Nn(δ) , Πτ,M+Nn(ζ) for sufficiently large n by
W = ω1 . . . ωN , 0N by (5.3).
As both λ, λn ∈ Λ, there exists a nonnegative integer l and an integer a ∈ Z\qZ
by (2.1) such that
(5.25) λ − λn = abl.
Now we show that
(5.26) l < M + Nn
when n is sufficiently large. Suppose, on the contrary, that l ≥ M + Nn. Then
(5.27) λ − Πτ,M+Nn(δ) ∈ bM+NnZ.
On the other hand,
Πτ,M+Nn(δ) ∈ bM+Nn[−1/(b − 1), (b − 2)/(b − 1)]
by the tree mapping property for τ. Therefore λ = Πτ,M+Nn(δ) for sufficiently large
n, which is a contradiction as
Πτ,M+Nn(δ) < bM+N(n−1)(−1/(b − 1), (b − 2)/(b − 1))
by W = ω1 . . . ωN , 0N and the tree mapping property for τ.
Combining (5.24), (5.25) and (5.26) and recalling that K and b are co-prime, we
obtain that
(5.28) Kλ − KΠτ,M+Mn(δ) = a˜bl
for some integers 0 ≤ l < M + Nn and a˜ ∈ Z\qZ. Thus the inner product between
exp(−2πiλ0x) and exp(−2πiKλx) is equal to zero by (2.1), (5.22) and (5.28). This
proves that KΛ is not a maximal orthogonal set as λ ∈ Λ is chosen arbitrarily.
(=⇒) By (2.1) and the assumption on the rescaled set KΛ, there exists a max-
imal orthogonal set Θ of the Cantor measure µq,b such that
(5.29) KΛ  Θ ⊂ Z.
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Take ϑ0 ∈ Θ\(KΛ). Then
(5.30) ϑ0 = Πκ,∞(ζ0) = Πκ,m(ζ0)
for some κ-main branch ζ0 ∈ Σmq ,m ≥ 1, where κ is the maximal tree mapping
associated with the maximal orthogonal set Θ.
Let τ be the maximal tree mapping in Theorem 2.2 such that Λ = Λ(τ). To
establish the necessity, we need the following claim:
Claim 3: Let n ≥ 1. For any ζ ∈ Σnq there exists a unique δ ∈ Σnq such that
Πκ,n(ζ) − KΠτ,n(δ) ∈ bnZ.
Proof. Observe that
(5.31) KΠτ,n(δ1) − KΠτ,n(δ2) < bnZ for all distinct δ1, δ2 ∈ Σnq,
because b/q ∈ Z, K and b are coprime, and Πτ,n(δ1) − Πτ,n(δ2) = abl for some
0 ≤ l ≤ n − 1 and a < qZ. On the other hand,
(5.32) {KΠτ,n(δ) : δ ∈ Σnq}+bnZ = KΛ+bnZ ⊂ Θ+bnZ = {Πκ,n(ζ) : ζ ∈ Σnq}+bnZ
by (5.29). Combining (5.31) and (5.32) leads to
(5.33) {KΠτ,n(δ) : δ ∈ Σnq} + bnZ = {Πκ,n(ζ) : ζ ∈ Σnq} + bnZ.
Then Claim 3 follows from (5.33) and (5.31). 
To establish the necessity, we need another claim:
Claim 4: ϑ0 < KZ.
Proof. Suppose, on the contrary, that ϑ0 ∈ KZ. Then for any λ ∈ Λ, there exist
a ∈ Z\qZ and 0 ≤ l ∈ Z by (2.1) and (5.29) such that ϑ0 − Kλ = abl. This
together with the co-prime assumption between K and b implies that a/K ∈ Z and
0 , ϑ0/K −λ ∈ (a/K)bl. Thus Λ∪{ϑ0/K} is an orthogonal set for the measure µq,b
by (2.1), which contradicts to the maximality of the set Λ. 
Now we continue our proof of the necessity. Let N be the smallest positive
integer such that (bN − 1)ϑ0/K ∈ Z, where the existence follows from the co-prime
property between K and b. By Claim 4, there exists ω j ∈ {−1, 0, . . . , b − 2}, 1 ≤
j ≤ N, such that the word W := ω1ω2 · · ·ωN , 0 and
(5.34) ϑ0
K
= c.ωN · · ·ω2ω1ωN · · ·ω2ω1 · · · = c +
∑N
j=1 ω jb j−1
bN − 1
for some integer c ∈ Z. Let W ′ = ω′1ω
′
2 · · ·ω
′
N be so chosen that ω′j ∈ {−1, 0, . . . , b−
2}, 1 ≤ j ≤ N, and
(5.35)
N∑
j=1
(ω′j + ω j)b j−1 =
 0 if
∑N
j=1 ω jb j−1 ∈
bN−1
b−1 [−1, 1)
bN − 1 if ∑Nj=1 ω jb j−1 ∈ bN−1b−1 [1, b − 2].
The existence of such a word W ′ follows from the observation that{ N∑
j=1
ω jb j−1, ω j ∈ {−1, 0, . . . , b − 2}
}
=
(bN − 1
b − 1 [−1, b − 2]
)
∩ Z.
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Let n > m/N and set ζnN = ζ00nN−m ∈ ΣnNq . By Claim 3 and the κ-main branch
assumption for ζ0, there exists δnN ∈ ΣnNq such that
(5.36) KΠτ,nN(δnN) − ϑ0 ∈ bnNZ.
Combining (5.34), (5.35) and (5.36) and recalling that K and b are coprime, we
obtain
(bN − 1)(Πτ,nN (δnN) − c˜) +
N∑
j=1
ω′jb
j−1 ∈ bnNZ,
where
c˜ =
 c if
∑N
j=1 ω jb j−1 ∈
bN−1
b−1 [−1, 1)
c − 1 if ∑Nj=1 ω jb j−1 ∈ bN−1b−1 [1, b − 2].
Therefore
(5.37) Πτ,nN(δnN) − c˜ −
( N∑
j=1
ω′jb
j−1)(1 + bN + · · · + b(n−1)N) ∈ bnNZ.
By the construction of ω′j, 1 ≤ j ≤ N,
∑N
j=1 ω
′
jb j−1 ∈
bN−1
b−1 (−1, b − 2]. If either∑N
j=1 ω
′
jb
j−1 ∈ b
N−1
b−1 (−1, b − 2) or
∑N
j=1 ω
′
jb
j−1
=
bN−1
b−1 (b − 2) and c˜ ≤ 0, then for
sufficiently large k,
c˜ +
( N∑
j=1
ω′jb j−1
)(
1 + bN + · · · + b(k−1)N ) = kN∑
j=1
θ jb j−1
for some θ j ∈ {−1, 0, . . . , b − 2}, 1 ≤ j ≤ kN, as it is contained in [−(bkN − 1)/(b −
1), (bkN − 1)(b − 2)/(b − 1)]. This together with (5.37) implies that
Πτ,nN(δnN) =
kN∑
j=1
θ jb j−1 +
N∑
j=1
ω′jb
j−1(bkN + · · · + b(n−1)N)
for n ≥ k. Thus there exists δ ∈ Σ∞q such that δ|nN = δnN and
τ(δ|nN+ j) = ω′j, 1 ≤ j ≤ N
for n ≥ k, which proves the desired conclusion.
Now consider the case that
∑N
j=1 ω
′
jb j−1 =
bN−1
b−1 (b − 2) and c˜ > 0. In this case,
ω′j = b − 2 for all 1 ≤ j ≤ N and N = 1 by the selection of the integer N. Further
we obtain from (5.37) that
Πτ,n(δn) − c˜ + 1 +
n∑
j=1
b j−1 ∈ bnZ,
which implies that there exists δ ∈ Σ∞q such that δ|n = δn and τ(δ|n) = −1 for
sufficiently large n, which proves the desired conclusion.
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5.3. Proof of Theorem 5.2. First we show that Λq,b is a spectrum of the Cantor
measure µq,b. Observe that κ is a maximal tree mapping, every δ ∈ Σ∗q is κ-regular,
and Λq,b = Λ(κ). We then obtain from Theorem 2.2 that
(5.38) Λq,b is a maximal orthogonal set of the Cantor measure µq,b.
From the definition of the maximal tree mapping κ it follows that
(5.39) Dκ,δ ≤ Dκ,δ(0∞) ≤ Kδ + 1 ≤ b − 1 for all δ ∈ Σ∗q,
where Kδ is given in (5.7). Therefore the spectral property for Λq,b holds by (5.38),
(5.39) and Theorem 2.4.
Next we prove that Λq,b/(b − 1) is a maximal orthogonal set for the Cantor
measure µq,b. From (2.1) and the spectral property for the set Λq,b We obtain that
(5.40) Λq,b − Λq,b ⊂ {b ja : 0 ≤ j ∈ Z, a ∈ Z\qZ} ∪ {0}.
On the other hand,
0 ∈ Λq,b ⊂ Z
and for any δ ∈ Σ∗q,
(5.41) Πκ,∞(δ) =
∞∑
j=1
κ(δ| j)b j−1 ∈
∞∑
j=1
κ(δ| j) + (b − 1)Z = (b − 1)Z
by (5.5)–(5.7). Combining (5.40) and (5.41) leads to
(Λq,b − Λq,b)/(b − 1) ⊂ {b ja : 0 ≤ j ∈ Z, a ∈ Z\qZ} ∪ {0},
and hence Λq,b/(b − 1) is an orthogonal set for the Cantor measure µq,b by (2.1).
Now we establish the maximality of the rescaled set Λq,b/(b − 1). Suppose, on the
contrary, that there exists λ0 < Λq,b/(b − 1) such that ˜Λq,b := Λq,b/(b − 1) ∪ {λ0} is
an orthogonal set for the Cantor measure µq,b. Then
(b − 1) ˜Λq,b − (b − 1) ˜Λq,b ⊂ (b − 1)({b ja : 0 ≤ j ∈ Z, a ∈ Z\qZ} ∪ {0})
⊂ {b ja : 0 ≤ j ∈ Z, a ∈ Z\qZ} ∪ {0}
and (b − 1) ˜Λq,b is an orthogonal set for the Cantor measure µq,b by (2.1). This
contradicts the spectral property for Λq,b.
Finally we prove that Λq,b/(b − 1) is not a spectrum of the Cantor measure
µq,b. Let τq,b : Σ∗q → {−1, 0, . . . , b − 2} be the maximal tree mapping such that
Λq,b/(b − 1) = Λ(τq,b). By Theorem 4.1, the non-spectral property for the set
Λq,b/(b − 1) reduces to showing that
(5.42) Dτq,b ,δ(0∞) ≥ n
for all δ ∈ Σnq\Σn−1q , n ≥ 2, being τq,b-regular. Recall that Λq,b = Λ(κ). This together
with (5.5) and (5.6) implies the existence of η ∈ Σmq ,m ≥ 1, such that
(5.43) (b − 1)Πτq,b ,∞(δ) = Πκ,∞(η) =
m+b−2∑
j=1
d jb j−1 + q · b2m+2b−2,
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where d j ∈ {0, 1, · · · , q} for all 1 ≤ j ≤ m + b − 2 and dm ∈ {1, . . . , q − 1}. Write
(5.44) Πτq,b,∞(δ) =
∞∑
j=1
c jb j−1 =
M∑
j=1
c jb j−1
where c j := τq,b(δ| j) ∈ {−1, 0, . . . , b − 2} and M ≥ n is so chosen that cM , 0. The
existence of such an integer follows from τq,b(δ|n) ∈ Z\qZ and τq,b(δ| j) = 0 for
sufficiently large j. Combining (5.43) and (5.44) leads to
M∑
j=1
c jb j−1 =
1
b − 1
( m+b−2∑
j=1
d jb j−1 + q · bm+b−2
)
+ q
2m+2b−3∑
j=m+b−2
b j
∈ q
2m+2b−3∑
j=m+b−2
b j +
(
0, b − 2b − 1
)
bm+b−2,
where the last inequality follows as q ≤ b−3. This, together with c j ∈ {−1, 0, 1, . . . , b−
2}, 1 ≤ j ≤ M, implies that
(5.45) M = 2m + 2b − 2 and c j = q,m + b − 2 < j ≤ M.
On the other hand, for δ ∈ Σnq\Σn−1q it follows from the tree mapping property for
τq,b that cn < qZ. Thus n ≤ m + b − 2 according to (5.45). Therefore
Dτq,b ,δ(0∞) ≥ M − (m + b − 2) ≥ n.
This proves (5.42) and then the conclusion that Λq,b is not a spectrum of the Cantor
set µq,b by Theorem 4.1.
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